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Abstract.  Three-point bending specimens have been used to investigate the mixed mode fracture of green sandstone. Dimensionless 
stress intensity factors and T-stresses were calculated first by using the finite element method for various crack lengths, crack angles 
and span to length ratios. It is shown that three-point bending specimens can provide the whole range of mode mixities from pure 
mode I to pure mode II, provided suitable values are chosen for the crack angle and span to length ratio. The fracture test results were 
also used to compare with predictions of different criteria. These comparisons show that modified criteria including the influence of 
the T-stress agree better with experiment than the conventional criteria but that no one criterion matches perfectly the test results. 




a   edge crack length v   Poisson’s ratio 
B   biaxiality ratio 𝜎𝑇   tensile strength 
E   Young’s modulus 𝜎𝑟𝑟 , 𝜎𝜃𝜃, 𝜏𝑟𝜃   stress components 
k    material coefficient 𝜀𝜃𝜃   tangential strain 
Ki   mode I and II stress intensity factors 𝜃0  fracture initiation angle 
Keff  effective stress intensity factors 𝛽   crack orientation angle 
KIc   pure mode I fracture toughness  
KIIc   pure mode II fracture toughness  
KIf   mode I fracture resistance Acronyms 
KIIf   mode II fracture resistance CCBD   central cracked Brazilian disk 
L    length of specimen ECT    edge cracked triangular specimen 
Me   mode mixity parameter ENDB   edge notched disc bend specimen 
Pcr   fracture critical load GMTS   generalized MTS criterion 
rc    critical radial distance from the crack tip GMTSN  generalized MTSN criterion 
2S    length of loading span GSED   generalized SED criterion 
T     T-stress MTS    maximum tangential stress criterion 
T*   dimensionless T-stress MTSN   maximum tangential strain criterion 
W    width of specimen SCB    semi-circular bend specimen 
Yi    dimensionless stress intensity factors SED    minimum strain energy density criterion 
 
*




Brittle fracture is the most common form of failure in 
rock structures. Because a crack in a rock mass has an 
arbitrary direction relative to the applied load, most rock 
fractures occur under mixed mode conditions (Aliha and 
Ayatollahi 2011). Numerous criteria have been developed to 
predict mixed mode fracture including the maximum 
tangential stress (MTS) criterion, minimum strain energy 
density (SED) criterion, and the maximum tangential strain 
(MTSN) criterion (Erdogan and Sih 1963, Sih 1973, Sih 
1974, Chang 1981). In this paper, these criteria ignoring the 
influence of T-stress will be referred collectively to as 
conventional criteria. 
In recent years, researchers have found that the T-stress, 
has a significant effect on the fracture behavior of rock. In 
many practical cases, a large discrepancy has been reported 
between predications of rock fracture using conventional 
mixed mode criteria and experimental results. Smith et al. 
(2001) proposed a generalized maximum tangential stress 
(GMTS) criterion based on the MTS criterion, which 
includes the effect of T-stress. Different types of rock 
material have been studied by Ayatollahi et al. (2008, 2011) 
and Aliha et al. (2010), and they found that the GMTS 
criterion matches experimental results better than the MTS 
criterion, including the fracture resistance and crack 
initiation angle. More recently, a generalized minimum strain 
energy density (GSED) criterion and generalized maximum 
tangential strain (GMTSN) criterion have been proposed by 
different researchers (Ayatollahi and Sedighiani 2012, 
Ayatollahi et al. 2015, Mirsayar 2015, Hua et al. 2017), 
which generally show better results for rock materials than 
other criteria. The generalized maximum tangential strain 
(GMTSN) criterion has been used using different brittle 
materials such as rock and graphite, showing that the 
criterion provides improved predictions (Mirsayar et al. 2016, 
Mirsayar et al. 2018). Another modified SED criterion called 
the average strain energy density (ASED) criterion was 
mentioned and mainly used in specimens with sharp V-
notches, and the predicting results, like the fracture load, are 
in good agreement with the experimental results (Ayatollahi 
et al. 2017, Campagnolo and Berto 2017, Razavi et al. 2018). 
These criteria will be referred to here as modified criteria. 
Most existing work on rock fracture has not used the range 
of mixed mode criteria to compare with test results, although 
Aliha et al. (2013) used compared the results of fracture tests 
on Neiriz marble with the GMTS, MTS and SED criteria. 
The third terms of the Williams expansion, usually 
denoted as A3 and B3, also have a significant effect on the 
fracture behaviour of rock and other geo-materials. Aliha et 
al. (2012) analysed statistically the A3 effects on mode I 
fracture resistance (KIf) by two different test samples and 
found that negative A3 increases the mode I fracture 
resistance while positive A3 decreases it. Akbardoost and 
Ayatollahi (2014) proposed the modified MTS criterion 
(MMTS) taking into account not only the SIF and T-stress 
but also these third terms. They compared the predictions 
with experimental results using a circular disk specimen and 
an edge-cracked triangular specimen. Ayatollahi and 
Akbardoost (2012, 2013) also studied size effects for mode I 
and mode II fracture toughness of geo-materials by using a 
stress-based criterion including the third terms. 
Different methods and specimen types have been used to 
study the fracture properties of rock materials. Disc-shaped 
specimens such as the central cracked Brazilian disk (CCBD) 
and edge cracked semi-circular (SCB) specimens have been 
widely used (Aliha et al. 2010, Maruvanchery and Kim 2019), 
because the test configurations are straightforward and are 
suitable for a wide range of mode mixities. Another disc-
shaped specimen called the edge-notched disc bend 
specimen (ENDB) proposed by Aliha et al. (2015a) can 
introduce complete mode I/III mixities including pure mode 
I and pure mode III fracture by rotating the crack plane. 
Numerous studies have shown that this specimen can be 
utilized successfully to study mixed mode I/III fracture 
behaviour of engineering materials like rock, graphite, 
PMMA, and asphalt (Aliha et al. 2015b, Aliha and Bahmani 
2017, Pour et al. 2018). However, disc type specimens are 
generally more difficult to prepare (Aliha et al. 2013). Other 
test methods such as the compact tension–shear specimen 
and angled internal cracked plate require complicated 
fixtures and loading setup (Richard and Benitz 1983, Yukio 
et al. 1983). Three-point bending specimens are frequently 
used because of the easy processing procedure and simple 
loading conditions. It can also be easily cut from rock masses 
at any desired size. However, three-point bending specimens 
are mainly used to study the pure mode I fracture and I/II 
mixed mode fracture properties of materials (Midhun et al. 
2018, Kumar et al. 2017, Rizov 2013). Few researchers have 
used three-point bending specimens to do pure mode II 
 
 
fracture tests although recently, Aliha et al. (2018, 2019) 
investigated the fracture toughness of bovine bone and 
bitumen under different mode mixities using a compact beam 
bend specimen and showed that the specimen can produce 
full combinations of mode mixities from pure mode I to pure 
mode II. Other studies have shown that this specimen is able 
successfully to produce and characterize mixed mode I/II 
fracture behavior of brittle materials such as PMMA 
(Mousavi et al. 2019, Shaker et al. 2019). 
In this paper, several criteria that include the effect of T-
stress will be reviewed. A finite element study has been used 
to demonstrate that a three-point bending specimen can 
provide the full range of mode mixities, from pure mode I to 
pure mode II. A series of mixed mode three-point bending 
fracture tests have been conducted, and the results compared 
with predictions obtained using a range of criteria. 
2.A brief introduction to fracture criteria 
The stress field for a linear elastic material around the 
crack tip under general mixed mode I/II conditions (Fig. 1), 
which considers both the singular terms and the T-stress 
could be expressed in the form of a series expansion with 
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where KI and KII are the mode I and mode II stress intensity 
factors and T is the T- stress. The higher order terms 𝑂(𝑟1 2⁄ ) 
can be considered negligible near the crack tip. 
 
Fig. 1 The stress components around the crack tip 
 
The effective stress intensity factor Keff is often used in 
mixed mode fracture criteria. It is written as 
𝐾𝑒𝑓𝑓 = √𝐾𝐼
2 + 𝐾𝐼𝐼
2             (2) 
A dimensionless parameter, B, called the biaxiality ratio 
is defined to normalize the T-stress relative to the effective 
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Similarly, the dimensionless fracture process zone size α 
is defined to normalize the process zone size 𝑟𝑐 . relative to 
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2.1 GMTS criterion 
The GMTS criterion is a modification of the MTS 
criterion to account for the effect of the T-stress. According 
to the GMTS criterion, the crack will initiate along the 
direction 𝜃0 where the tangential stress is a maximum and 
the crack will propagate when the maximum tangential stress 
attains a critical value 𝜎𝜃𝜃𝑐 at a critical distance from the 
crack tip 𝑟𝑐 . 
The fracture initiation angle 𝜃0 can be found by solution 
of
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where KIf and KIIf are the mode I and mode II stress intensity 
factors at fracture and KIc is the stress intensity factor at 
fracture in a pure mode I test. 
2.2 GMTSN criterion 
The GMTSN criterion relates fracture initiation to the 
maximum tangential strain near the crack tip. It assumes that 
the crack will initiate when the tangential strain εθθ is equal 
to a critical value 𝜀𝑇 in the direction θ0 and at a critical 




{𝐾𝐼𝐴1(𝜃) + 𝐾𝐼𝐼𝐴2(𝜃) + 𝑇√2𝜋𝑟𝐴3(𝜃)}                 (8) 
where 













                               (9) 
𝐴3(𝜃) = (𝑘 + 1 − 4cos
2𝜃) 
k is an elastic constant, when k=3-4v for plane strain 
problems and k=(3-v)/(1+v) for plane stress problems. 
The initiation crack angle θ0 can be obtained from
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2.3 GSED criterion 
The strain energy density factor S function can be written 
in a simplified form using the first two terms in Williams 






2𝐵2(𝜃) + 𝐾𝐼𝐾𝐼𝐼𝐵3(𝜃) + √2𝜋𝑟𝐾𝐼𝑇𝐵4(𝜃) + √2𝜋𝑟𝐾𝐼𝐼𝑇𝐵5(𝜃) + 2𝜋𝑟𝑇
2𝐵6(𝜃)]    (13) 
where 
























































and k is the same elastic constant defined for the GMTSN 
criterion. 
The crack will initiate in the direction θ0 where the strain 
energy density factor S is at a minimum. Fracture is predicted 
to occur when the strain energy density factor reaches its 
critical value Scr at a critical distance rc. 
 
 
The initiation angle 𝜃0  is found by solution of
𝐾𝐼
2𝐶1(𝜃0) + 𝐾𝐼𝐼
2𝐶2(𝜃0) + 𝐾𝐼𝐾𝐼𝐼𝐶3(𝜃0) + (𝐵𝛼𝐾𝑒𝑓𝑓)𝐾𝐼𝐶4(𝜃0) + (𝐵𝛼𝐾𝑒𝑓𝑓)𝐾𝐼𝐼𝐶5(𝜃0) + (𝐵𝛼𝐾𝑒𝑓𝑓)
2
𝐶6(𝜃0) = 0  
(15) 












































𝐶6(𝜃0) = 0 
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3. Experiment and procedures 
3.1 Numerical Analyses 
A schematic representation of three-point bending 
specimen is shown in Fig.2. The specimen is a rectangular 
solid with length L, width W, and thickness B. An edge crack 
of length a is inclined to the direction of the vertical 
compressive load (P) with an angle 𝛽 . We can obtain 
different combinations of modes I and II fracture by changing 
the orientation angle 𝛽. The stress intensity factors and T-
stress are functions of the geometry defined by the relative 
crack length a/W, the loading span ratio 2S/L and the 




















, 𝛽)             (20) 
where i represents mode I and mode II. Yi and T* are 
dimensionless stress intensity factors and dimensionless T-
stress. 
The commercial finite element software Abaqus 6.14 
(Abaqus 6.14 Manual and Versi, 2017) was used to calculate 
the dimensionless Yi and T*. The geometry conditions of the 
model are L=120mm, W=40mm, B=20mm and the 
orientation angle 𝛽  is variable. The Youngss modulus and 
Poisson’s ratio of sandstone are taken to be E=20GPa, v=0.19  
 
Fig. 2 Geometry diagram of three-point bending 
specimen 
 
 (Wei et al. 2017). The typical mesh pattern for the three-
point bending specimen model is shown in Fig. 3. In order to 
produce the singularity of stress/strain field near the crack tip, 
CPS6 type singular elements were used in the first ring of 
elements surrounding the crack tip. All other elements are 8-
node CPS8 elements. The loading boundary condition is set 
 
 
as that the left lower support has fixed X and Y displacements 
while the right side has fixed Y displacement. The vertical 
load is 80N and the model used plane strain conditions. 
 
Fig. 3 Finite element model of three-point bending 
specimen 
 
Finite element calculations were made for a constant 
relative crack length a/W=0.5 with loading span ratios 2S/L 
varying from 0.3 to 0.6 and a constant loading span ratio 2S/L 
=0.5 with relative crack lengths a/W varying from 0.3 to 0.6. 
The orientation angle 𝛽  is varies from 0° to 60°. The results 
are shown in Figs. 4 and 5. It can be seen that the 
dimensionless parameter YI decreases as the orientation angle 
𝛽  increases. Pure mode I exists when 𝛽 =  0°. The 
dimensionless parameters YII and T* first increase then 
decrease as the orientation angle 𝛽 increases.
 






























































       (c) T* 
Fig. 4 Dimensionless parameters versus orientation angle for different relative crack lengths: (a) dimensionless parameter 
YI, (b) dimensionless parameter YII, (c) dimensionless parameter T* 
 
 



























































Fig. 5 Dimensionless parameters versus orientation angle for different loading span ratioa: (a) dimensionless parameter 
YI, (b) dimensionless parameter YII, (c) dimensionless parameter T* 
Pure mode II occurs when the mode I stress intensity 
factor KI=0 and the mode II stress intensity factor KII≠ 0 
(Ayatollahi and Zakeri 2017, Ayatollahi and Aliha 2005). 
From Figs. 3(a) and 4(a), it can be observed that the 
dimensionless parameter YI becomes equal to 0 when the 
inclined angle 𝛽is large enough, so this type of specimen can 
be used to conduct a series of fracture tests for the complete 
range of mode mixities. When the span length ratio is 
constant, the larger the relative crack length the lower the 
orientation angle for pure mode II. Also, when the relative 
crack length is fixed, the smaller the span length ratio is, the 
smaller the orientation angle needs to be to achieve pure 
mode II. Large orientation angles are difficult to achieve in 
practice without damaging the specimens, therefore large 
relative crack lengths and small span to length ratios need to 
be chosen. 
3.2 Fracture tests and results 
The sandstone used in the experiments was a green 
sandstone form Sichuan province, China and has a fine grain 
with good uniformity. Specimens were cut from a large block 
using a circular saw with the dimensions L=120mm, W= 
40mm and B=20mm. A relative crack length of a/W=0.5 
(a=20mm) was used and the span to length ratio was 
2S/L=0.4. To produce the cracks in the specimens, a notch 
with a width of 1mm and nearly 19 mm in length was 
introduced using a circular saw. Finally, the crack tip was 
sharpened by a diamond wire saw with a diameter of 0.26mm 
to obtain the desired crack length of a = 20 mm. Note that the 
International Society for Rock Mechanics and Rock 
 
 
Engineering (ISRM) suggested method for pure mode I 
testing is to use a cracked chevron notched Brazilian disc 
(CCNBD) specimen with a crack width less than 1.5 mm 
(Fowell et al. 1995). 
The dimensionless parameters YI, YII and T* 
corresponding to the experimental conditions calculated by 
FEM and literature (Mousavi et al. 2019) are shown in Fig. 
6. The dimensionless values calculated in this paper are 
consistent with those in the literature. It can be seen that 
when the crack orientation angle is given approximately by 
β=48.4°, YI is equal to 0 and pure mode 2 conditions arise. 
Therefore, the orientation angles used in the tests were set to 
β={0°,10°,20°,30°,40°,48°} to investigate mode mixities from 
pure mode I to pure mode II. For each orientation angle, 4 
identical specimens were used to assess the scatter of the 
results.
 































 YI Mousavi et al.
 YII Mousavi et al.
 T* Mousavi et al.
 
Fig.6 Dimensionless fracture parameters for test conditions 
 
Table 1 Normalized SIFs and T-stress under test condition 
β( °) YI YII T* 
0 4.369 0 -1.067 
10 3.939 0.827 -0.321 
20 2.894 1.318 1.228 
30 1.695 1.409 2.542 
40 0.656 1.226 3.284 
48 0 0.98 3.546 
An RGM-4300 universal servo-hydraulic tension and 
compression test machine was used to conduct this fracture 
test, using displacement-controlled mode with a constant 
loading rate of 0.05 mm/min to ensure quasi-static loading. 
Except for the initial part of the loading, the load–
displacement curves for all the tests were nearly straight lines, 
and the sandstone fractured immediately once the load 
reached a critical value. The experimental setup and the 
typical load-displacement curves for the experiment under 
different orientation angles are shown in Figs. 7 and 8. It can 
be seen that the fracture load increases with increasing 





Fig. 7 The experimental setup of three-point bending specimen 
 
























Displacement (mm)  
Fig. 8 Typical load-displacement curves for different orientation angles 
Substituting the critical load Pcr we obtained from 
fracture tests into Eq. (19), stress intensity factors at fracture 
can be calculated, as shown in Table 2. When the orientation 
angles are 0° and 48°, the mean stress intensity factors at 
fracture for pure mode I and II are calculated to be 
0.786MPa·m0.5 and 0.344MPa·m0.5. These values compare 
with measurements obtained by other researchers of 
0.67~2.56 MPa·m0.5 for sandstone in pure mode I and 
0.32~0.41 MPa·m0.5 in pure mode II (Guo et al. 1993, 
Ouchterlony 1988, Ouchterlony 1990, Singh 1989). 
Photographs of the specimens taken after fracture for 
different mode mixities fracture are shown in Fig. 9. It is 
shown that the crack propagated along the initial crack only 
under pure mode I conditions, and that I/II mixed mode crack 
paths deviate from the direction of the initial crack. Most of 
the cracks initiated from the crack tips, only a small number 
of cracks initiated near the crack tips when the orientation 
angle is large. This phenomenon has also been observed in 
experiments by Aliha et al. (2010). Their occurrence is 
considered to be due to small flaws introduced during the 
manufacturing procedure.  
In order to obtain the fracture initiation angles, a tangent 
line was drawn from the crack tip along the direction of crack 
initiation. Positive fracture initiation angles are measured 
clockwise from the crack tip shown in Figure 2 in literature 
by Aliha et al. (2013). Then, the direction of crack 
propagation relative to the original crack orientation was 
measured manually from the photographs and depended of 
the level of mode mixity.
 
 
Table 2 Experimental results of three-point bending specimen on sandstone (in this table SD means Standard Deviation) 
Specimen 
no. 
β( °) 𝜃0 ( 















I/II-0-2 0 0 1.225 0.838 0 
I/II-0-3 0 0 1.099 0.752 0 
I/II-0-4 0 0 1.055 0.722 0 






I/II-10-2 10 -17 1.298 0.801 0.168 
I/II-10-3 10 -24 1.272 0.785 0.165 
I/II-10-4 10 -23 1.112 0.686 0.144 






I/II-20-2 20 -44 1.295 0.587 0.267 
I/II-20-3 20 -48 1.367 0.620 0.282 
I/II-20-4 20 -45 1.264 0.573 0.261 






I/II-30-2 30 -63 1.692 0.449 0.373 
I/II-30-3 30 -61 1.517 0.403 0.335 
I/II-30-4 30 -67 1.631 0.433 0.360 






I/II-40-2 40 -76 1.793 0.184 0.344 
I/II-40-3 40 -71 1.703 0.175 0.327 
I/II-40-4 40 -77 1.948 0.200 0.374 






I/II-48-2 48 -85 2.544 0 0.391 
I/II-48-3 48 -84 2.128 0 0.327 
I/II-48-4 48 -82 2.054 0 0.315 
 
 
Fig. 9 Representative photographs of specimens taken after test for the complete range of crack 
orientation angles. 
4 Comparison and discussion 
The fracture criteria described in Section 2 can be used to 
provide predictions for the variation of the initiation angle θ0 
with mode mixity for comparison with the experimental 
results presented in Table 2. 
To allow these comparisons to be made, a representative 
value for the critical distance rc must be derived. In this work 
the calculation proposed by Schmidt has been used (Schmidt 









)2               (21) 
where 𝜎𝑇 is the tensile strength of the material, and KIc is 
the pure mode I fracture toughness.  
Using the mean mode I fracture toughness of sandstone 
of 0.786MPa·m0.5, and the tensile strength of sandstone 
𝜎𝑇 = 10.3MPa for the mixed mode fracture is then from (Li 
et al. 2018). The critical distance rc is calculated by Eq. (21) 
to be 0.93mm. 







)           (22) 
The value of Me ranges from 0 to 1. Me =1 corresponds to 
pure mode I and Me =0 to pure mode II. 
The plane strain condition was used to predict the fracture 
properties since the thickness of specimen is comparable to 
the in-plane dimensions. Poisson’s ratio for sandstone is 
taken as v=0.19 (Wei et al. 2017). Fig. 10 shows the results 
of the comparison of initiation angle with mode mixity using 
the modified GMTS, GMTSN and GSED criteria. Fig. 10 
also shows the results of the conventional MTS, MTSN and 
SED criteria. These results are calculated from the GMTS, 
GMTSN and GSED criteria by setting the T-stress equal to 
zero. The modified criteria generally achieve a better 
comparison with the experimental results than the 
conventional criteria. The GMTS and GMTSN criteria show 
better agreement than the GSED criterion.
 










































































Fig. 10 Comparison between predicting results of different criteria 
and test data 
Fig. 11 Predictions of mixed mode fracture loci for different 
criteria 
Next the fracture criteria will be used to predict the 
variation of the stress intensity factors at fracture with mode 
mixity, allowing a comparison of these predictions with the 
experimental results. The results are shown in Fig 11. In 
Fig.11, the critical stress intensity factors at fracture of mixed 
mode I+II have been normalised using the critical SIF at 
fracture in pure mode I ( 𝐾𝐼𝑓,𝛽=0° ). Again, the modified 
criteria show better comparison with experiment than the 
conventional criteria. The GMTS criterion provides the best 
agreement. 
Semi-circular (SCB) and edge cracked triangular (ECT) 
specimens are two other types of specimen containing an 
inclined edge crack and subjected to three-point bend loading. 
Both these specimens have simple geometry and need only 
simple loading configurations. Mousavi et al. (2019) have 
concluded that the state of mode-mixity of the specimen used 
in this research is not markedly sensitive to the change of 
crack angle, which is an advantage compared with other 
geometries of bend specimens. 
Recent studies also shown that the T-stress may have an 
influence on pure mode I fracture (Ayatollahi and Sedighiani 
2012, Wei et al. 2017, Ayatollahi et al. 2002). It has been 
found also that the crack may not propagate in a self-similar 
manner in mode I loading when a large positive T-stress 
exists (Ayatollahi et al. 2016, Chao et al. 2001). This 
phenomenon is also observed in the predictions of different 
 
 
generalized criteria (Ayatollahi and Sedighiani 2012, Wei et 
al. 2017, Ayatollahi et al. 2002). 
To examine the effect of T-stress on pure mode I fracture, 
an additional set of tests were carried out using a three-point 
bending specimen with the same dimensions and crack 
length as the previous tests but a different loading span ratio 
of 2S/L=0.75. For these specimens, the T-stress was positive. 
The test results are shown in Table 3.
Table 3 Experimental results for additional mode I tests 
Specimen no. β( °) 𝜃0 ( 













Add-2 0 0 474.716 0.707 0.0193 
Add-3 0 0 459.236 0.684 0.0186 
Add-4 0 0 443.756 0.661 0.0180 
For these specimens the nondimensional parameter 𝐵𝛼 
is equal to 2.20×10-3 while for the previous pure mode I 
specimen with a loading span ratio of 2S/L=0.4, 𝐵𝛼 is equal 
to -7.45×10-2. For these additional tests, the small value of T-
stress was taken to be close to zero and therefore the average 
value for the stress intensity factor at failure was taken to be 
the critical stress intensity factor 𝐾𝐼𝑐 = 0.683 MPa m
0.5. 
For all pure mode I specimens tested, the fracture 
initiation angles listed in Tables 2 and 3 were all 
approximately equal to zero. The initiation angle for mode I 
fracture predicted by the GMTS criterion is provided by Eq. 
(5) and is equal to zero when 𝐵𝛼 < 0.375 (Ayatollahi et al. 
2002). Similarly, Eq. (10) gives the initiation angle for the 
GMTSN criterion and is equal to zero for 𝐵𝛼 < (3 + 𝑘)/16. 
Finally, for the GSED criterion, Eq. (15) predicts an initiation 
angle of zero for 𝐵𝛼 < (6 − 2𝑘)/(𝑘 + 11). Substituting the 
Poissonss ratio of sandstone into these condition for a zero 
initiation angle gives 0.375, 0.3275, and 0.1148 for the 
GMTS, GMTSN and GSED criteria. These values are all 
larger than those achieved in the tests. 
Fig. 12 shows the normalized stress intensity factor at 
fracture versus 𝐵𝛼 predicted for the three modified criteria, 
for pure mode I fracture calculated using Eq. (6), (11) and 
(17). The figure also shows the individual tests results 
corresponding to the two values of 𝐵𝛼 equal to -7.45×10-2 
and 2.20×10-3. The test results show a marked increase in 
nominal stress intensity factor at fracture as 𝐵𝛼 reduces. In 
comparison the GMTS criterion predicts no change in stress 
intensity factor at failure for the range of values of 𝐵𝛼 
covered by the test results while the GMTSN predicts a 
reduction as 𝐵𝛼  reduces. The GSED criteria is the only 
criteria that gives predictions matching the trend of the test 
results.
 




Mixed mode fracture tests have been conducted using 
three-point bending specimens, covering the complete range 
from pure mode I to pure mode II. The critical fracture load 
increased with orientation angle and with the proportion of 
mode II loading. The fracture toughness of green sandstone 
measured in this research was 0.786MPa·m0.5 for pure mode 
I loading and 0.344MPa·m0.5 for pure mode II respectively. 
These values are comparable with other measurements 
reported in the literature. 
For three-point bending specimens under mixed-mode 
loading the T-stress is generally positive which acts to 
decrease the effective fracture toughness of the material. The 
results of the fracture tests have been compared with 
predictions of conventional and modified mixed mode 
criteria, where modified criteria include the influence of T-
stress. The modified GMTS criterion shows the best 
agreement with the test results. Pure mode I tests were 
carried out for two geometries of specimen providing 
approximately zero and negative T-stress. For these tests, the 
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